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Recap: Finite-horizon unconstrained OCP
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Recap: Finite-horizon unconstrained OCP

N—-1
r%in x%chN—l— E (xi—eri—l—u;Rui)
0

i=0

s.t. Tgi1 = Axi + Bug
zo = x(0)

The solution of the Batch Approach is,

trajectory

Ug (2(0)) = —(Sy @Sy + R) 'S, QS,2(0)

We obtained this by substituting all the equality constraints into the cost
and then solving the unconstrained minimization by taking the gradient.



Recap: Finite-horizon unconstrained OCP

N—-1
r%in x%chN—l— E (xi—eri—l—u;Rui)
0

i=0

s.t. Tgi1 = Axi + Bug
zo = x(0)

The solution of the Recursive Approach, ...y

uw*(k) = —(BTP,.1B+ R)"'BT P, Az(k)
é Fkx(k),
P,=A"P, 1 A+Q—- AP, \B(B"P,..B+R)"'B'P, 1A
Py=P

We used the Principle of Optimality to solve a one step solution
backwards.

Let’s take a look at some code for the drone example.



Recap: Finite-horizon unconstrained OCP

Let’s look at some code for the drone example we discussed in the

last lecture.
Recall that our task is to converge to the origin.
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Aside: Infinite-horizon unconstrained OCP

Let’s briefly consider the case when N>

@)
- T T
J> (z(0)) = min E (2, Qzk + uj, Rug)
Uo,UL 4.
k=0
The solution to the Batch Approach becomes intractable as N grows.

However, the Recursive Approach can be solved to convergence by
finding the matrix P,., such that,

Po=A"P A+Q—-AT"P, .B(B"P.B+R)'BT'P A

The above equation is the Algebraic Riccati Equation (ARE) and the
corresponding optimal controller is asymptotically stabilizing.



Adding constraints

. T T T
I%_Hl cnPrn + g (33Z Qx; + u; Ruz‘) ceiling
0 .

s.t. xgpi1 = Axi + Bug
T € X,uk eluU

TN € XF
zo = z(0) Desired T
_ ] trajectory
where, the state constraint set is
X ={xeR" : F,x <b,}
the control constraint set is
U={ueR"™: Fu<b,}
and the terminal set is given by
ground

XFZ{JZEan :Ffwgbf}



Adding constraints: How to solve?

N-1

.
mtn xNZ TN + ;0 (xz Qr —I—uz u)

s.t. Tpy41 = Az + Bug
T € X, ur €U
TN € XF
xo = x(0)
We’ve looked at two approaches to solve unconstrained OCP: batch and

recursive approaches.

The Dynamic Programming based approach (recursive) is hard to solve
with constraints = involves gridding the allowable sets and solving for
the cost-to-go for each point in the grid (expensive).

The Batch Approach is far easier to adapt to a constrained setting.



1. Batch Approach: With substitution

Recall: We write the dynamics constraints (equality constraints) in terms
of the initial condition and the control input as,

_:1:0 | i I | i 0 0 cen 0 Uo
I A B 0 .« oo 0 (A
| TN AN AN-1B AN—2B .. B UN -1
- - - e ~ N ~ -/
Xo Sz Su Uo

Hence, all the dynamics constraints can be written in batch form as,

Also let, Q = blkdiag(Q, @, ..., Q, P) and R = blkdiag(R, R, ..., R)

Vo

N times N times



1. Batch Approach: With substitution

Hence, we can substitute the equality constraints into the cost to get,

min  (Syz(0) + S.U0)  Q(S,z(0) + S, Uy) + U RU,

We now also have the following inequality constraints,

r, € X ={x eR" : F,x <b,}
ur €U ={u € R™ : Fu < by}
xNEXF:{xEanzfoSbf}

Let’s write all of these in terms of the initial condition and the control
input.



1. Batch Approach: With substitution

Like the equality constraints, we can write the inequality constraints in
terms of the initial condition and the control inputs as,

F, 0 ... 0 0 by,
0 F, . 0 0 by,

0 0 F,o| [ v ] 0 b,

0 0 0 Cat —F, b,
F.B 0 0 = Zpa [FOF
F,AB F,B 0 | |un, _F,A? b
: : . — : ;
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FxAN_zB FxAN_3B . 0 —FxAN_l b,
_FfAN_lB FfAN_ZB c e FfB_ i —FfAN i _bf_
[\ ~~ - - ~~ -’ \V'/

Go EO wo

More compactly, G,U, < EOZU(O) + wo



1. Batch Approach: With substitution

Hence, the original optimization problem given by

N-1
I%_in N Pry + E (m;prmi—l—u:fRui)
0

i=0

s.t. xgpi1 = Axi + Bug
xrp € X,up, €U
TN € XF
zg = z(0)

can instead be written as,
J3((0)) = min  (S42(0) + Sulln)" Q(Ss2(0) + Sullo) + Uy RUo

S.t. G()U() < E()QZ(O) + wo

The above problem can be solved using off-the-shelf optimization
solvers like quadprog (in MATLAB), Gurobi, Mosek, etc.



2. Batch Approach: Without substitution

Let’s look at another way to solve the same optimization problem.
We want to rewrite the optimization problem in terms of Uy, Xj.

« Equality constraints
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2. Batch Approach: Without substitution

We want to rewrite the optimization problem in terms of Up, Xo .

* Inequality constraints

0 0 ... O
F, O 0
0 F; 0
0 O 0

Fy
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2. Batch Approach: Without substitution

The original optimization problem,

N-—-1
I%_in xr‘lj\}PxN-F E (:U;‘FQ%—FU;‘FRUZ)
0

1=0

s.t. xpy1 = Axg + Buy
xr € X, u, €U
TN € XF
zo = z(0)

Can be written in terms of the optimization variables Uy, Xj as,
Q 0] [Xo
0 R||U
Xo

st. Goeq {UJ — B eqz(0)

* _ : T T
Jo (2(0)) = )g)lllf}o X0 Ug]

X
GO,ineq [U;)] < EO,ineqx(O) + Wo,ineq



Batch Approach: Summary

We reformulated the original finite-horizon, constrained, optimal control
problem in two way using the batch method.

1. With substitution of the equality constraints to obtain an optimization
problem with just the control inputs as the optimization variables.

2. Without substitution of the equality constraints to obtain an
optimization problem with both the control input and states as the
optimization variables.

What is the difference?

Next Lecture: Why did we pose the optimization problem in the two
ways that we did? Discussion on convexity. More examples.



